Basic Physics and
Radiative Processes

Ricardo Chavez Murillo

April 2021



Basic Radiative Transfer
Intensity

dE, = I,(71,t)(-7)dAdtdvdQ
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Basic Radiative Transfer
Mean Intensity

1 27
T, (7.t) = /I 0 = / I, sin 6 d6 dy
AT

erg s~1 cm~? Hz~ ! ster™!

Plane parallel approximation
dQ = 27 sinf df = —2r dyuy  p=cost

+1
J,(2) / I,(2,0)2msinf df = / I,(z, ) du
T 4Ar 2



Basic Radiative Transfer
Flux

2w pm
Fu(r,ii,t) = /Iu cos ¢ dS2 :/ / I, cosfsinf df dy
0 0

erg s~! em™2 Hz™!

2w pmw/2 D
Fuv(z) = / / I,,cos6’sin6’d9dgo+/ / I, cosfsinf df dg
0 0 0 /2

2w pm/2 2 /2
/ / I, cosfsin 6 db da,o—/ / I,(m —6@)cosfsinf db dy
o Jo o Jo

FH )= F (2),

Axial Symmetry

Fo(z) = 27r/ I, cos#sin @ db
0

1 ~1
= 27r/ pl, dp — 271'/ ply, dp
0 0

= Fi(z) — F, (2).
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Basic Radiative Transfer
Flux
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Basic Radiative Transfer
Pressure

1
Pv = - /I,, cos? # df) dyne cm 2 Hz !
p=1u/3
1 r+1
Jl/(’:) = 5 1 I, dlu'
1 r+1
Hy(z) = 5 /_ M I, dp Eddington flux
1 rtl
K,(z) = 5 / 121, dp
~1

H,=F, /At =F,/4
py = (47 /c) K,



Basic Radiative Transfer
Emission

dE, = j, dV dt dv dQ erg cm™ s~ Hz~! ster™!

dl,(s) = ju(s)ds

dl, = —o,nl, ds
dl, = —ay [, ds
dl, = —k,pl, ds



Basic Radiative Transfer

Sv = Jv/ erg cm 2 s~ Hz ! ster™!
Stot — ZJV
Y Z Yy,

N | ,
Ty = O'V/Q.l(j



Transport Equation
Transport along a ray

dl,(s) = I,(s+ds) — I,(s) = ju(s)ds — ay(s),(s) ds
dl, .

- — Jv -VIV
ds J “
drl,

a,ds S = Ly

dr,(s) = a,(s) ds
D
T, (D) =/0 ay,(s) ds

I,(D) = I,(0) e ™(P)



Transport Equation
Optical length and thickness

S = oo mu(s) e ™) dr,(s)

<Ty 5 1
> =TS e
] _<m(s)> 1 1
v Xy B Yy B Ky p
dr,
— S, 1, b, _ o
o, ds dr, v v

I,(ry)=1,(0) e ™ + /0 Sy(ty) e~ (v—tv) q¢
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Transport Equation
Homogeneous medium

I(m) =1,(0) e ™ + /0 "8, (ty) e~ ) g,

I,(D) = L,(0)e ) +5, (1 e (®))

I,(D) ~ S, optically thick
I,(D) ~ I,(0) + [S, — I,(0)] 7,(D) optically thin
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ion
port Equati
Trans

T, (D) < 1 %:>
I,(0)=0
P
<5j>
T,(D)>>1




Transport Equation
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Transport Equation
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Transport Equation

dz

leym

Z0 o0
Tv(20) = / —ay, dz = / vy, dz
o0 Z0

dT,fom1 = —(a, + a,l,) dz = (1+mn,)dr, Ny = af,/a,‘i

dry, = — [t = cos
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Transport Equation
Plane-parallel transport equation

drl, 20
le_TV :IV_SV TV(ZO):/ —ay dz

p <0 I7(Ty, ) = _/ ’ S, (t,) e~ =m)/1qt, /y t, = [2 —a,(z)dz
0

oo
) [F(ry, 1) = + / S, (t,) e~t=m)/1 4t /1
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Transport Equation
Eddington-Barbier approximation

IT(1y,p) = —i—/ S, (t,) e =)k dt, /1

oo
w=0,u>0 [ (1,=0,pn) = / S, (t,) e /* dt, /u
0
oo
Sy(my) = Z anT,™ = ag + a1, + agm, 2 + ...+ a,,"
n=0

fOoo " eXP(—IE) dr = n!
L (1,=0,p) = ap, + ajp + i + ... + nlayu®
L r=0.p) ~ Sy(m = 1)

FF(0) ~ S, (1, =2/3)
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Transport Equation




Transport Equation
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Transport Equation
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Transport Equation
Eddington-Barbier approximation

log oo , log a:om (hy)
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Line Transitions

« Radiative excitation

* Spontaneous radiative deexcitation
 |nduced radiative deexcitation
e (Collisional excitation

e Collisional deexcitation
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Line Transitions
Einstein coefficients

A,y = transition probability for spontaneous deexcitation from
state u to state [ per sec per particle in state wu.

At =1/Ay
AFE = h/(2mAt)

Av = 4 /(2r) rrad = 1 /At

,Yra,d/4,n.2
Y=10) = e + (/a2




Line Transitions
Einstein coefficients

Blujfo = number of radiative excitations from state [ to state u per
sec per particle in state [,

I = / J, o(v—rp) dv Jo(v—1p)dr =1
0

1 oo pr+1
J, == / / I, o(v—rg) dp dv
° 2Jo J1

po(rv=rp) = NN a <1
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Line Transitions
Einstein coefficients

Buljffo = number of induced radiative deexcitations from state u to
state [ per sec per particle in state u,

_ oo r+1 00
Jffo = 1/ / L, x(v—1y) dpdrv = / J,x(v—1p) dv
2 0 —1 0

Ci., = number of collisional excitations from state [ to state u per
sec per particle in state [.

3
I

number of collisional deexcitations from state u to state [
per sec per particle in state u

niCij; = m’Ne/ oij(v)v f(v) dv (1/2)mvg = huo
V0
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Line Transitions
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Line Transitions
Volume coefficients

hv

@, = [ Bl p(v —1v0) — Ny By X (v —10)]

o~

hv Ny Gl X(I/—I/O)]
= —mnB — 1 - —
Ar P ) [ ny gy p(Vr—1p)

o0 hI/O
af,o o /0 a,l/ drv = (ny By — nuByp)

T Ar
ol = hy By, p(v—1p)
v — Ar lu¥ 0
I * hvg me? 9
o, = o, dv = — Bj, = — f1, = 0.02654 f;,, cm” Hz
0 0 47 MeC
9 2 _ 1390 Jiu
Aul 0 flu (AEul) Aul = 6.67 x 10 0 \2 S
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Line Transitions
Volume coefficients

h h
jll/ — —V" uAul 1/’(1/ 1/0) J,, —/ ],, dv = ﬂnuA
47 0

vl 1y Br,p(v—v0) — ny By x(v—1o)

Ay ¥
o __ Buyp 27 Yfp
Y~ 1 Blw X 2 Gull X
EB—UZ - ; giny ¢
p(v—wo) = Y (v—ro) = x(v—1o)
gl _ NuAy _ 2/11/5’ 1
-0 N By — Ny Bl 2 Yulul 1 '

giny



Continuum Transitions
Inelastic Processes

N W

a,, 1077 cm?/H atom

Bound-free transitions: Kramer’s formula

29 Z4
= 2.815 x 10 72’5’/3be
afo — a}/’f n; (1 — e_h"/kT)

V 2 120

|

4 5 6 7 8 9 10 11 12 13
A, 103 A
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Continuum Transitions
Inelastic Processes

Free-free transitions

Sy, =B,

ff _37%x108N, Z
Ty = 9.0 X ei1/2,,3 Ii

of = o Nign (1— e7M/HT)

vV
Wien limit
ZZ
on T1/2]/3 gff

off ~ 3.7 x 10* N.N;

Rayleigh-Jeans limit

oll ~ 0.018 N. IV; 4
v ~ Y. e{Vion T3/21/2 gt
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Continuum Transitions
Elastic Processes

ol =0l = 8%7’3 = 6.65 x 1072° cm?

R T 1% 4
0, ~ fluo (—) v < 19
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Local Thermodynamic Equilibrium

o
S,e = DBy,

Maxwell distribution

10 4,,] () o,
N “lurE 2mk T )

n(v)
dv
[ N l

. 3/2
B ( 7 ) / Amv? e~ (/Dm/KT g,
LTE 2wkT

vy, = \/2kT/m
(v) = /3T /m
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Local Thermodynamic Equilibrium
Matter in LTE

Boltzmann distribution

[nr,s] _ Yrs e—(xr,s—xr,t)/kT
LTE

Ty ¢ 9r.t

Saha distribution

Xr = h‘Vthreshold

Mpt1.1 B 1 2¢r411 (27rmekT)3/2 xe/AT

Ny ] 1 2U,44 (2’mnekT) 3/2 —xr /KT
— e LA
N, ILTE I\'Te U, h?

l]'r - Z Jr.s e—Xr,s/kT
S
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Local Thermodynamic Equilibrium
Matter in LTE

Saha-Boltzmann distribution

['nc] 1 2ge (27rmekT)3/2 ——
LTE

n; Ne ¢; h?

Xci = Xr — Xri T Xr4+le = thhreshold
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Local Thermodynamic Equilibrium
Radiation in LTE

Planck function

y 2hv3 1
[‘SV] LTE 2 [ Gulu
.

2hv3 1

= —2 gupr 7 = Bv)

—1

LTE

Wien and Rayleigh-Jeans approximations

3
B,(T) ~ Qh;/ e~ /kT exp(hv/kT) > 1
C
21.
B,(T) ~ VTR exp(hv/kT) — 1 ~ hv/ET

2
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Local Thermodynamic Equilibrium
Radiation in LTE

Stefan-Boltzmann law

B(T) = / B, dv = 21
0

s
B 2o k4
~ 15h3¢2

o = 5.67 x 107 ergem 2K *s7!

Induced emission

_ 1 _ o—hvo/kT

[ 'n'uBul \(V—VO)]
1 —
'n..lBluLp(l/—VO) LTE

Line extinction

2
l ] e LTE | [ —hvg /kT]
Q = n o(r—rg) |1 — e

—

S, (F) =B, [T(M] LD #B,JI@] LA #B,TF)]  F(P) #0
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Non-local Thermodynamic Equilibrium

Rate equations

dn;(7) N N
—— = 2_n(MPu(7) —ni(F) 3_ Py(7) =0
A i#i
Pij = Rij + Cyj

Rij = Aij + BijJu,

Transport equations

dr,, (7, 1)
L
A, (7)

— _SI/(F) + IV(I_'. :u')
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Non-local Thermodynamic Equilibrium

XV:dV:‘Pu

S,ljo ~ —B,, (by/by) exp(hv /ET) > 1
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Non-local Thermodynamic Equilibrium

Bound-bound extinction

hv by, nLTEB
[ LTE ul X
o, = —bn’ "Bpelv— 1—
% . 11 wp(V—1p) b 1] ITE Bl ¢ }
= hlb nrE Bro(v—w) 1 _bux e w/kT
AT [ lu - bl
— nLTE l [1 _bux o—hv/KT
by ¢
2 b, v
_ e, nETE £ oy — o) [1 _Ou X kT
MeC by ¢

ay = b [af’] LTE /¢ =1
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Non-local Thermodynamic Equilibrium

Bound-bound extinction

hvg [ b |
al, = —bn EBy, |1 — e o/kT

o 47 bl

2 — o
me b, _
_ bl n{_JTE flu 1 — U o hvg /KT

MeC ! by

X

b [a’l’O] LTE

it = by [al]LTEB,
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Non-local Thermodynamic Equilibrium

Laser regime

l hvy < kT
l  —hwo/kT [a ]
SVO o ]. e 0 o b 120 LTE bu > bl
T _ — Yu
By, (bl/bu) [1 - (bu/bl) e huO/kT] O"fzo
20)(109 B | | | I I | I I | | 1 I 1 | | I ] | | | [1 ] | I I | I I
- |
ofF |
— 1.5%10 — I
8 1.OX109 — |
S - |
5 - |
“  5.0x10°F |
d = |
3 - |
wn O -
~5.0x108 [

200 400 600 800 1000 1200 1400
wavelength [nm]
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Non-local Thermodynamic Equilibrium




Non-local Thermodynamic Equilibrium

Free-free source function, extinction and emission

st — B,
off = p.nttEM (1 — e W/ kT)
J,f,f = b, [Qfg] -
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Non-local Thermodynamic Equilibrium

Formal temperatures

Excitation temperature

n g
ol _ 212..1/8’ 1 B 2/2.1/3 1 B (Toxe)
w T T Qa1 T T2 ehvo/Flexe —1 0N
giny
lonisation temperature
, 2hv3 1
*S,},)f — — Bz/(Tion)

o C2 ehy/kfrion — ]_
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Non-local Thermodynamic Equilibrium

Formal temperatures

Radiation temperature
By(Trad) = Jy
Brightness temperature
B,(Ty) = I,

L, = Te(ry =p)
Effective temperature

ﬂ-B(Teﬂ:) — UTélﬂ‘ — fsurface
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Non-local Thermodynamic Equilibrium

Two-levels atoms

* Photon scattering
e Photon creation

e Photon destruction

Coherently scattering medium

l

L __ _a S
an,, = 0, +

Destruction probability

Q,a,

~ vV
o

vV —
O,.a | O,S
vV vV

a,S

1 —¢, = v
2 | oS
7y 7

R
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Non-local Thermodynamic Equilibrium

Effective path, thickens, depth

I}~ VNI,
| — (Tv) _ 1
vy, ad + a3,
N = 1/¢,
I~ 1,/ VE
= E T

dr, = /¢, dm,
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Non-local Thermodynamic Equilibrium

Source function

Jy = o, By
Jo =y dy
. Jy Tt
Sl—=v v —(1-¢,)J,+¢,B,

,a S
Q, -+ 8%

ASvll/() — (1 o EVO)jfo T+ L(:VOBVO
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Non-local Thermodynamic Equilibrium

Transport equation
dl, = —ao?l,ds —a’l,ds+ a2B, ds+ a’.J, ds
vV v vV v

dr, = al, ds = (o + a5) ds

dr, dI,
— = =S, —1I,
dr, (a2 +a5)ds
dI
—2 =71, 5
ll dTV vV
Sl = St
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Introduction to Stellar Atmospheres

|t is a transition region from the stellar interior to the interstellar

medium. ettt
50000 r
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Introduction to Stellar Atmospheres

Surface gravity

WAL
§=8om 85 =2.740 X 10*cm /s?

L=4mR? f § dv=4wR*a T
0



Introduction to Stellar Atmospheres

Teff

05 40000
B2V 25000
A3V 8000
FOV 7000
F5V 6400
GOV | 5900
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Introduction to Stellar Atmospheres

0.1 Ia,Ib, II. III. IV, and V




Introduction to Stellar Atmospheres

Suffix notation

Emission lines are present

He II A4686 and/or C I1I A4650 1n emission; mostly for O stars

Ca II K line when unexpected, e.g., interstellar in hot stars
Metallic; metal lines are stronger than normal

Nebulous: lines are broad and shallow; usually high rotation

nn Very nebulous!

Peculiar; spectrum 1s abnormal

Queer:; unusual emission; evolved from Q novae designation (archaic)
Sharp; lines are sharp, usually for early-type stars with low rotation
Variable; spectrum changes with time

Wolf—Rayet bands present (archaic)

P8 A ™0

s < »©aDo

Old prefix notation
¢ for supergiants; g for giants; d for dwarfs



Introduction to Stellar Atmospheres

oC

m = —2.510gj FW(v)dv+ constant

0

LN RN RN I S B B N S I R B N B R R B R N R B B B

Effective wavelengths
U B Vv for 10000 K star

1.0 /\

ot |

A ANTA

3000 4000 5000 6000 7000 8000
Wavelength (A)
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Introduction to Stellar Atmospheres

JEW(v)dv
—V=-2 3 , + 0.
B 2510g(fE,WV(v)dV 0.710 ¢
.
U—B= —2.510g(fE’ U(”)d”) —1.093
JEW,(v)dv o
>
&
0.5
0.0
-05

BO AO FO GO KO MO



Introduction to Stellar Atmospheres

-10 | | | | | | | |

- la
Supergiants

C \ Ib _

i Il Bright giants |
0O /

- 2.4

> - ZAMS

| |
BO AO FO GO KO M4
Spectral type



Plane-parallel Radiative Transfer
Formal Solutions

General Transport Equation
ds Ot ds Js ¢ Ot Os = Ju — Oy 1y,

o, 0I,dx N o1, dy N oI, dz
ds  Oxrds Oyds 0z ds

Spherical geometry

o1, cos 0 ol, sinf 0I, oI, N 1 — ,u.2 oI, | .
— —_— . — [l — ‘ = i, — o, I,
s or r b F Or r O 1 J
0L, | 1-p%0],
H n I _5 1,

Kyp Or Ky pr O
Plane-parallel geometry

drl,
T — IV - AS'V
K dr,
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Plane-parallel Radiative Transfer
Formal Solutions

Exponential integrals

Su(mv)exp(—m,) - 0 Ty — o

I;(0, 1) =0
oo
IN(ry,p) = + [ S,(t,)e=™/kdt,/u
ID(rop) = + [ S,(t,)e =)/t /|ul
0

+1
1 I,(7y, p) 1™ dp

+1 00 0 dt,,
:/ ™ dp / Sy (t,) e~ w)/n At M " dp / Sy (t,) e (w=tv)/=1 ¥
0 T H — — L
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Plane-parallel Radiative Transfer
Formal Solutions

Exponential integrals

+1
I v (T, ) ™ dp

+1 00 df dt,,
_/ /_[ d/_l / t )e—(tv—Tu)/lJ’ +/ [l d/_l / S -(Ty-ty)/ p v

1/p=w |dp/dw| = p/w

+1

I, (Ty, )™ dp
~1

o0 1 e_(tu‘_Tu)w o0 e_(TV_tV)w
— [ s, dt, / " dw+ / S, (t,) dt, / duw

00 w

_/ S, (t,) Ensq(t,—7,) dt, + (—1) / S, (t,) Enar(Ty—t,) dt,.

00 A—TW 1 du
E,(z) = /1 N /O o—e/n -1 W

wn
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Plane-parallel Radiative Transfer
Formal Solutions

Exponential integrals

r>1

YRl RS

T T 12

E, ~ (1/z) exp(—x)

En(x)

13
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Plane-parallel Radiative Transfer
Formal Solutions

Schwarzschild-Milne equations

1 [+l

'JI/(TI/) = § 1 II/(TI/MU') d:“'

1 oo 1 Ty
p— 5/ S '['V)El(ty —Ty) dtu _/ S'u(tu)El(Tl/_tV) dtl/
0

:2/5 I/TI/|

Fo(r) = Fi(n)—F, (1)
1 —1
= 271'/ ply, (1) dp — QTr/ wl, (1) du
0 0

_ 27r/ S, (t,) Ea(ty —7v) dty —27r/ " S, (1) Ea(ry—ty) dty
Ty 0

1 oo
K,(r)=75 [ 5.t) Es(lty—r)) dt,
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Plane-parallel Radiative Transfer
Formal Solutions

Schwarzschild-Milne equations

Surface values

O = [ Sin) e/ dn/p
0

flj-(o) = 27 [)OO SI/(TV)EQ(TU) dr,
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Plane-parallel Radiative Transfer

Schwarzschild-Milne equations
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Plane-parallel Radiative Transfer
Formal Solutions

Schwarzschild-Milne equations

I
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I
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Plane-parallel Radiative Transfer
Formal Solutions

Schwarzschild-Milne equations

S,(ty)

e
/

(_‘
<

I

[no

—
<

‘_.'
<

+
w|no
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Plane-parallel Radiative Transfer
Formal Solutions

Operators

Laplace transform

LrlSom)l = [ Sulm) e dry /=17 O, p)

Classical Lambda operator

AL f(t)] = % Ooo f(t)Ey(|t — ) dt
Al = 1- ()
Alt] = 7+ =Es(r)
AL[t°] = % 72— Ey(7)
AL[tP] = %pz in:o :_j(sa + (=1)PHE, (1)

do = 0 for even « = p+ 1 — k and 6, = 2/« for odd «
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Plane-parallel Radiative Transfer
Formal Solutions

Operators

Classical Lambda operator

Ju(1y) = %/Ooo Sy(ty) E1(|ty —7|) dty, = A, [Sy(ty)]

Phi and Chi operator

2,[5,0)] = 2 [ S,(6)Eate—n) dt, =2 [ 5,(6) Balr—t,) dt,
Ty 0
= F,(1) F, =F,/n

IS0 = 2 [ S,(6) Ballt,—m) dty
= 4K,(1),

B, [£(1)) = L7 (0)

20



Plane-parallel Radiative Transfer
Formal Solutions

Classical Lambda operator

C5




Plane-parallel Radiative Transfer
Formal Solutions

Classical Lambda operator

40t

30 - /
B B=1
2 20 A{B} rar
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Plane-parallel Radiative Transfer
Formal Solutions

Classical Lambda operator

05t r{/ \
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Plane-parallel Radiative Transfer
Formal Solutions

Classical Lambda operator

4
B=1
! \
AN
AN
\\
~ 0-6666...
\\
\\“*?LB 1 ‘
0 z 1 0 1 2 3




Plane-parallel Radiative Transfer
Formal Solutions

Classical Lambda operator

25



Plane-parallel Radiative Transfer
Formal Solutions

Generalised Lambda operators

L(Ty, ) = Ay [Sy(ty)]

Jl/(Tl/) — AV[SV (tl/)] ;

1 rt+1
AV — 5 » A#V dy

/ S, (t,) e =)k dqt, /1

/ S, etk dt,,

/ Sy (ty) e~ at, /)
0

= e_T”"/ S, elve dt, .,
0

Apw[Sy] = Iy (1o, 1)

A_#V[S'y] — IV_(Tl/t _|#|)

26



Plane-parallel Radiative Transfer
Approximate solutions

Approximations at the surface

Eddington-Barbier approximations

Ju(tv) = Ay[S)]
= (l.oAV[].] + a1 A, [f] + as A, [1‘2] 4+ ...

1 1 2
~ Qo |:1 — §E2(Tv)] -+ aq [TU + §E3(Tv)] + a9 [g + Tg — E4(Tu)]
~ ag+ayTy, + (1.27'3 + %ag — (%OEQ(T,,) o %Eg(ﬂ,) — agFy4(T))

F,(ry) = ®.[5)]

4 8
= 2a0E3(7) + a1 [§ - 2E4(Tz/)] + as [;r,, = 4E5(T,,)] 4 ...



Plane-parallel Radiative Transfer
Approximate solutions

Approximations at the surface

Eddington-Barbier approximations

(0, 1) ag + aq

Sy, = ),

2&2 ag aq a9
R T TR

ao aq 9

2 4 3

1

25 (Tl/ T 1/2)

(S

SR
S
2

2

?

2
F,,(O) = Qg T gal +ag + -

{

)
<
<!

I
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Plane-parallel Radiative Transfer
Approximate solutions

Approximations at the surface
Second Eddington approximations
S, = ay
I;;(-O, 1) =S, = ag p > 0.
J,(0) = S,/2 = ag/2 = 1,(0)/2
F,(0) = S, = I,(0) = a
F,(0) = 2J,(0) = 4H,(0)
Fu(0) = 2n.J,(0)

+1
F,(0) = 2 1 L, (0, p)p dp

1
= 2/ I,(0, ) dp
0

1

~ 2<I7(0,p) > / 1 dp
0

~ 2.J,(0),

29



Plane-parallel Radiative Transfer
Approximate solutions

Approximations at large depth

Taylor expansion

S() = Z:O (t, ;’!'r,,)" [d”Su(tu)L

den

v

[T (1. p) = —I—/ S, (t,) e~ =)k qt, [y

Tv
T2 e [T2 o [T2
/ e dr = / — — / "1 e dg
I a T a Jx,
r2 To
/ e Tdr = —e " [:1?"’ +nz" P4 nn—-1)2" 4+ 4 'n.!] /
1 I1

o0
/ e Fdr = n!
0

— 1 [d"S,(t,) > n  —(ty—mn
[;L(TV’”) B Zn'[ dtn ] / (ty — )" e (t V)/Mdtu/ﬂ'

n=0 v v
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Plane-parallel Radiative Transfer
Approximate solutions

Approximations at large depth

Taylor expansion

© 1 [d"S,(t, 00
LS (o, ) = ) [ dt,s )] / (t, — )" e~ W)/l qt, /1
dnS,(t,)] 1 [~

n=0
— a2 e /M dx
ay |,
v

n! Jo
d"S, (t,)] u" [

n __—&I
re Tdx
mn .
dtp 1. n! Jo

n [dnsl/(tl/)]
Pl A,

n!

I
] ¢

=
I
=

I
ok

=
|
=

[
ok

S
|
=

v
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Plane-parallel Radiative Transfer
Approximate solutions

Approximations at large depth

Taylor expansion

=1 [d"S,(t,)’ Ty

n! [ dil

1 [d™S,(t,)] T
al | N A

oy din
= [d™S,(t, ™| /e

= Z [ 7(1 )] (—1)”% / " e " dx
— dtp 1. n! [Jo

[T
— ”, -
n=0 dtV T

v

o— (/) 1
1= ————{ @/l + 0/ lu)"™ + -+ nl}
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Plane-parallel Radiative Transfer
Approximate solutions

Approximations at large depth

Taylor expansion

2 &
Ly(1y, 1) = Sy(m) + 1 [dSV(tV)] +,U'2 |:d Sy(ty)} +

dt, dtZ
Large depth
T, > 1
By = L33 [dns,,a,,)] /“ P [d”’“sy(t,,)}
w(Tv) = = - oo dpt =
2n:0 dtV T J—1 k=0 2L+1 dtl(/2k) Tv
' 1 [d?S,(t,)
Wim) = 5”(’“’”5[ 2 } o
4 dS,,(t,,)] 4 |d*S,(t,)
Fy (1w — 5 I
(7v) 3[ dt, T+5[ dt}’; T+
1 1 [d?S,(t,)
Ko(m) = 55”(7"“5[ dt? } ’
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Plane-parallel Radiative Transfer
Approximate solutions

Approximations at large depth

Convergence
d™s, S,
dt’ t
|d'"'+28,,/dt;’j+2| S,,/t,"}+2 1
|dnS,, /dtn| S, /th t2
(,,)]
Iv vs ~
o) ~ Sm)+n | SH]
Ju(mv) =~ Su(7 )
4
Fl/ v ~ =
(7v) 3[ ]
1
K,(r,) = §S( Ty ).
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Plane-parallel Radiative Transfer
Approximate solutions

Approximations at large depth

ds,/dr, S,/1, 1
5 'l/ | ‘S'V TI/
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Plane-parallel Radiative Transfer
Approximate solutions

Approximations at large depth
Diffusion approximation
7, > 1
Sy = By

L(Ty, p) = B,,(T,,)-I-,U[

By (2)
+1 7 2
271'/ Am dB,(2)

dB,,(t,,)]
dtl/ Tv

SR
kU

I, dp ~
-1 K K 3 dT,,
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Plane-parallel Radiative Transfer
Approximate solutions

Approximations at large depth

Rosseland mean extinction

1 [&(1/a,)(dB,/dT) dv
QR Jo°(dB,/dT) dv
1 fo(1/ky)(dB,/dT) dv
KR [5°(dB,/dT) dv

kr(z) = ar(2)/p(2)
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Plane-parallel Radiative Transfer
Approximate solutions

Approximations at large depth

Total radiative energy diffusion

F(z) = / Fu(z)dv
4r e 1dB,

= 3 a, dz v
4w [ 1 dB, dT

3 o «, dT' dz
16 o123 dT

3 ar dz
1 ¢ du

3 kpp dz
uw = (40 /c)T?
[ = 1/pkR

X

dv

X

X
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Plane-parallel Radiative Transfer
Approximate solutions

Approximations at large depth

The Eddington approximation
dsS,(t,)
I,(ty,pn) =~ S,,(T,,)—i—,u.[ . V]
-

dt,
Ju(rv) =~ Sy(v)

4 [dS,(t,)
F(n) = §[ dt ]

K,(1,) =~ %S,, (12)-

K, (1)) ~ %J,,(T,,)

1 [+l
K,(r,) = 5/1 I, (1, p) i dpe

X

1 +1
5 < L,(1y, 1) > / 12 dy
~1

X

Ju (1)

39
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Plane-parallel Radiative Transfer
Approximate solutions

Approximations at large depth

The Eddington approximation

L,(1, 1) = ag(my) + ar(1,) p

1 [+l
L) = g /_ 170 dp = ao(n).
1 [+
H,(r,) = 5/1 ply, (1t 1) dpe = aq(71,)/3.

i 1/,
K,(r,) = 5/_1 I, (1, ) dp = ap(1,)/3
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Plane-parallel Radiative Transfer
Approximate solutions

Approximations at large depth

Second order transport equation
1d%.J,(r,)
3 dr?

Sz/ — (1 — CI/)JV + GI/BV

= Jy,(1,) — Su(1)

1 d?J, (1)
3 dr?

=&y [J(1) — By(1)]

41



Atmospheres of Plane-parallel Stars

Assumption

 The atmosphere is spherically symmetric.

* Element mixture homogenous with depth.

* Hydrostatic equilibrium.

o Statistical equilibrium / time independence.
 Atmosphere’s mass small relative to stellar.
 No sources or sinks of energy.

* Energy transport is radiative and convective.

 Maxwellian distribution for free particles.

42



Atmospheres of Plane-parallel Stars

Model parameters

o Stellar Luminosity L
* Stellar Radius R
* Element mixture [Fe/H]
* Microturbulence Emicro

« Effective temperature  Tert = (L/4moR?)'/*

e Surface gravity gs = GM /R?

T e, log s, [Fe/ H] and fmicro
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Atmospheres of Plane-parallel Stars
Pressure stratification

Gas law

P,V = nmole RT R = 8.314 x 10" ergmole™ ! K1
k=138 x 10~ 16ergK 1
= K [ = K/Tn
RN kN j\f/ ’”‘H/ Na = 6.02 x 1023 mole™!
g = MmoleNA/V 166 x 102 g
1 =T/ my

p = Ngpmy

Nmole/NA R pkT pRT
Py = T = NET = —
= V. Na . [LTH 1

FPo = N kT

44



Particle densities

Chemical composition

Atmospheres of Plane-parallel Stars

Ag Ai2 X0 X1 E Ag A2 Xo X1
H 1.000 12.0 13.60 - Al 25x107% 64 5.99 18.83
He 7.9x10"2 109 2459 54.42 Si 32x10=° 7.5 8.15 16.35
C 3.2 x 1074 8.5 11.26 24.38 S 1.6 x 107> 7.2 10.36 23.33
N 1.0 x 10~ 8.0 14.53 29.60 K 1.0 x 1077 5.0 4.34 31.63
O 6.3 x 104 8.8 13.62 35.12 Ca 20x10"% 6.3 6.11 11.87
Na 2.0x 107 6.3 5.14 47.29 Cr 79x1077 59 6.77 16.50
Mg 2.5x107° 7.4 7.65 15.04 Fe 4.0x10~° 7.6 7.87 16.16

A2 = log Ng — log Ny + 12

X =073 Y =025 Z=0.017
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Aso(E)

Particle densities

Electron donors

Atmospheres of Plane-parallel Stars

A (nm) A (nm)
o0 250 125 75 60 50 0 250 125 75 60 50
14 I T I I ] T I IR T T
121 N .
! H i |
12 , N . be.
He i )
- R-
10 - ~ 1or ]
: O bI | C
[ g |\N } . N0 C*
8 | r@ S l\ k‘e 7 ? ™ El [\N r\ .
" NSINi L o0 " .
L QNI 4 . Fe + N
S - A R R She s
- K B0 N N - N A
: " NI\ Zn [E \-é i Mg+
4 X%L;f\ _ <C 6 - C N —
- ! a
L SRR N
I O
2 N o i ; 'f:lo Ca™*
i e N
| KN 41 :
0L Lev oy vl [ B | . . . 1
5 10 15 20 25 0 5 10 15 20 25
X1C (e\/) X1C (GV)
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Atmospheres of Plane-parallel Stars

Particle densities

Electron donors
Ay = Ny/Nyg < 1
Ng = Ng + AmNu + fuNg + fmAM Ny
Ne = fuNu + fMAMNH

Ne fu + fmAm
Ng 1+ fu+ 1+ fm)Am
f , Ne 1
H ~ ~ —
N, 2
Ne
A< fagl — N%fH
£
Ne
fm~=0 — ~ fmAMm

Ng
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Atmospheres of Plane-parallel Stars

Particle densities

Electron and gas pressure

P, = N kT
P. = N.ET
N, = N1+ Ni1 + N
1 N N N
1 _ M No N
fi1 Nu Nno  Ni
1 N1 N N N
1 1 Mo Moo N
fi NauNm Nm N
o Ne >, Nofu(z) + 2>, N,fi(2)
B Arnuclei B Zz Arz
P, g (Arions + Aratoms + j\re) ET L (Arnuclei + ]Ve) ET L E + 1
FPs - NET - NET - E
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Atmospheres of Plane-parallel Stars

Hydrostatic equilibrium

dP

= P

dP g

a7 = o dro = —kKop dz
2 = 4_7r < dBy drv = 4_7r * dBy dr, drv = 1/00]__1/5,/ dv
d7o ¢ Jo dro ¢ Jo dry dmo ¢ Jo KO

Model completion

dP, (
P1/2 Dl - P1/2 i
& drg & Ko

2/3
3 70 P1/2 t
Pe(7o) (29 ./0 g to) dto)
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Atmospheres of Plane-parallel Stars

Plane-parallel layers

Hp = RT/ng
I
d2  RT ®*  Hp

P,(z) = P,(0) e=2/HrP

Hp RT _RTR. . sTes(R/Ro)
R, pgR. pGM, p (M /M)

Solar limb

<1
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Atmospheres of Plane-parallel Stars
Temperature stratification

Empirical models
I, "” Su(Tv=p) "” I'(7o)

10000

8000

6000

Temperature (K)

4000 -~




Atmospheres of Plane-parallel Stars

Center-limb variation

L, (0, 1)
1,(0,1)

=a, + b, + ¢, (1 —H ln(l + l))
1

SV(TI/) = Uy + buTu + CVEZ(TV)

dr, kKuypdz Ky 0 K,
dro  kKopdz Ko 0 Ko
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Atmospheres of Plane-parallel Stars

Center-limb variation

Sy(Ty)| P

0 O1 N 1.0 0 O 10 Ty
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Atmospheres of Plane-parallel Stars

Center-limb variation

V.
T 1Vo Vs

(0)J) NN SN —— A

<
<
R

®
x
A — et B —
x
S VRN U
[ ]
X .
*/ e
L )
: x
x
L ]
x
X "\
L J
x
x::'l



Atmospheres of Plane-parallel Stars

Flux constancy
V- Ftot(r) =V [Fra,d(r) + Fconv(r) + Fcond(r) + Fmech(r)] =0

dF’tot
dz
Radiative equilibrium

Frad(: / Fo(2)dv =F

=0

4’TR2

d-Frad (:)
dz

=0
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Atmospheres of Plane-parallel Stars

Radiative equilibrium

Stromgren equation

oo

/0 o (2)p(2) Ty (2) dv = /0 i (2)p(2) Sy (2) dv

Total radiative flux divergence

dFrad(2 00
Dot (2) = dd( ) — 47r‘/0 a,(2)[Sy(2) — J,(2)] dv =0 ergem3s™!
dFraq(z 1 foo+l
Dot (2) = d( ) = 5/0 /_1 vu(2) — ayu(2) Lu(2)] dpdry =0
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Atmospheres of Plane-parallel Stars

Line cooling
D, = 47raf,0(5',ljo —Jy,)
= 47rj,l,0 — 47ra'f,07,,0
= huyg ['n.u(Aul + BuJy,) — 71-lBlu7u0]
=  hyg [Ny Ry — MRy
[o(v—ry)dv = [ x(v—1p)dv = [Y(v—1p)dr =1

Wien limit

by —
q)ul — h,.I/O [‘n..uRul — ’n..lRlu] ~ 47 bu [a’f/O]LTE (Bl/o — _JI/0>
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Atmospheres of Plane-parallel Stars

Continuum cooling

>~ b’t bc _
d, = Ar .nzLTEbC/ oie() [Bu (1 3 e—hu/kT) by (1 _be hu/kT)
12} .

b b dv

Wien limit

D, = 4 'n,.ZLTEbC / Tic(V) (B,, - %J,,) dv.
Vp C



Atmospheres of Plane-parallel Stars

J(7) = AL[S(b)
F(r) = ®,[S(t)] = F

59



F = &,[S(t)] = —x,[S(r)] = 4

S(1) ~

3
4

Grey RE source function

S(t)~c(1+ gr)

dK (1)
dr

- dr
K(t)=(1/4)FT+a

K(r) ~ (1/3)J(r) = (1/3)S()

(T +

S(1) ~ (3/4)F1 + 3a

S(r) = 30 +a(r) F

T+q(7) = Ar[T +q(7)]

S(0) = J(0) ~ F/2

2 3 1 1 3
3) (4r+ 2) 2( 1 27’)

60

Atmospheres of Plane-parallel Stars
The grey approximation

q(T7) =2/3

F = (o/m) T4



Atmospheres of Plane-parallel Stars

Grey RE temperature stratification

S(r) = B(r) = (o/m) T*

3 1 1/4
I'(r) =~ Tenr (ZT + 5)

Teg = T(7=2/3)
Su(T) = B, [T(7)]
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Atmospheres of Plane-parallel Stars

Grey RE scattering
Sy, =1—-¢,)J, +e,B,

oo oo
/ ky pJ,dv = / Ky p S, dv
0 0

kp (1 —¢)J+eB]

kpJ
eJ = B
J = B =5,
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Atmospheres of Plane-parallel Stars

Grey RE limb darkening

1(0, p) g)
1(0,1) 3

3( n
= — [
5l

Limb darkening I(0, )/I(0,1)

r/Rs  p | Observed | Radiative equilibrium | Convective equilibrium
0.00 1.00 1.00 | 1.00 1.00 1.00 1.00

0.20 0.98 0.99 | 0.99 0.99 0.98 0.97

0.40 0.92 0.97 | 0.95 0.95 0.92 0.87

0.60 0.80 0.92 | 0.87 0.88 0.80 0.70

0.80 0.60 0.81 | 0.73 0.76 0.60 0.44

0.90 0.44 0.70 | 0.63 0.66 0.44 0.27

0.98 0.20 0.49 | 0.47 0.52 0.20 0.08

1.00  0.00 ~ 0.40 | 0.33 0.40 0.00 0.00
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Atmospheres of Plane-parallel Stars

Grey extinction and mean extinction

4dI&'V(z) 4 dK,(2) ~ B (2)
dr, —f{.,,(,z)p(z) dz
/ 4 dAV( ) -dv = / dAV (2) dv
_hl/ :: Z h( _/)( dz

/ 4_h:”‘ dddz/—/ F,(z)dv = F(2)

R(z) = Jo~ hV( ) By (2) dv = /OOO Ky (2) Fo(2) dv

Io° Fu(z) dv F(z2)
dKy(z) . 1, dK(2)
R(2) / 4—p (2)dz d R(2) 4—/)(;:) dz

_ Jo [1/ky(2)] (dKy (2)/dz) dv :/OO 1 dK,(z)/dz &
h(-) - 7 (dK,(2)/dz) dv 0 Ky(z
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Atmospheres of Plane-parallel Stars

Flux-weighted mean and Rosseland mean
1 1

K,~_-J ~_-B,

g Ty

dK,/dz ~ (1/3)dB, /dz = (1/3) (dB, /dT) (dT/dz)
1 1 dB,/dT , _ 1
k Jo kK, dB/dT KR

4 4
dTp = —kRp dz

3 3 1/4
T'(r) = Tenr [_TR + _(.I(TR)]
3

J(me) = S(mr) = B(ms) = —T*(rr) = § [R + a(w)] F.

q(TR) ~ 2/3
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Atmospheres of Plane-parallel Stars

Backwarming

o Fydv _F'_ (o/m)Tlg"

fooo F, dv - F (0‘/7{') Teff4
T =(1— )V Tlg ~ (1 + f/4) Tlg

o &2
T F Q) fi: BV('{.-vy’)y
-"‘J /#
8000 -
N=09, A=
‘ o gf‘ey’
BT o)
v el
BOO0 - / grey
J""M -
/"/,
4000} N\
F =B, =%
o e 2
”Buﬂ:' :aimp}
3000 |
o O.75
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Atmospheres of Plane-parallel Stars

Surface effects

[ Wl T
Bu(z) = A aby (2) [Shy(2) = Tuo(2))
J,(0) > B,(0) high-frequency side
J,,'((')) < B,,(O) low-frequency side

Strong LTE lines
drtet = dr¢ +drl = (1 + n,) dr¢ n= k. /KS
7, =1/(1+mn,)

JI/(O) — (1/2)B1/

/Ooo ky(0) J,(0) dv = /OO %, (0) B, (0) dv

0
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Atmospheres of Plane-parallel Stars

Strong scattering lines
Jl/o(o) ~ Suo( ) \/“‘VOBVO(O) < Bl/o(o)

Suo(0) = i (0) = H“’"’FB,,O ~ €uo Bug

P, = 4770 (Sl - Jvo)
— "1/0 [(1 — €u) Juo + €0 B _7”0]
= 4n atf/o Evg (B,,O — 71/0)

Scattering continua
Sl/ — Bz/
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Atmospheres of Plane-parallel Stars

grey

scattering
lines




Continua from Plane-parallel Stars

THE SOLAR SPECTRUM

FREQUENCY
, 10" Hz 10°°Hz 10" Hz 10"%Hz 10" Hz 10"%Hz 10"5Hz 10" Hz 10'°Hz 10°GHz 102GHz 10 GHz 10° MHz 10 MHz
10 T T T T T T T 1 T T 1 T T =
- VISIBLE
GAMMA-RAY X-RAY ULTRA- ., INFRARED RADIO
10% VIOLET ¢/
| QUIET SUN
[ ENVELOPE OF LARGEST BURSTS
10° I REPORTED (NONTHERMAL)
NASA-GODDARD SPACE FLIGHT CENTER ¢
GREENBELT, MARYLAND
AUGUST, 1976
104
2B FLARE o8
10° / BURST
(NON-
THERMAL) LARGE BURST
2 {38 FLARE, 8/4/72)
10 (NONTHERMAL )

10

SPECTRAL IRRADIANCE (ergs-cm?.s'.um)

SLOWLY-VARYING, OR
S-COMPONENT

1 (ACTIVE REGIONS,
.« THERMAL)
10"
LARGE
STORM
102 (NONTHERMAL )
107
10
LARGE BURST
10-6 (3B FLARE, 8/4/72)
(NONTHERMAL)
o QUIET SUN
1
10°A 1024 107A 1A 10A 10°A 10°A 1um 10um 10%um (FHERAL)
WAVELENGTH
10-19
10720
1imm icm 10cm im 10m



Continua from Plane-parallel Stars
Solar continua

Continuous extinction

* Free-free transitions.

* Bound-free transitions.

* Cyclotron radiation, synchrotron radiation, plasma radiation.
 Thomson scattering.

* Rayleigh scattering.

e Line haze.
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Continua from Plane-parallel Stars

10.5 ,

REPRESENTATIVE MODELS
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Continua from Plane-parallel Stars

2
An ~ 91. 16—

72
n 1 2 3 1 5t 6 7 8

HI n?/7%| 1 4 9 16 25 36 49 64
Hell n?/Z% | 1/4 1 9/4 4 25/4 9 49/4 16

- KO\ > 364.7) ox(H ) N(H") 1
k(X < 364.7)  ox(H )N(H )+ 0P Ng(n=2)

f‘{/()\ > 3647) )\ (H )NH (n 1) —3/9 h kT U)‘(H—) _
N.T; /2 hw/ N, T—3/2 2hv/KT
l k(A < 364.7) oS Nu(n=2) o¥ e °

- H,(/\ > 3647) NH(n — 3) e—hV/kTe
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Lines from Plane-parallel Stars

AlQ(E) = log Ng — log Ng + 12
[X ] = log Xstar — log XSun

[Fe/H] — log(NFe/NH)star - log(NFe/NH)Sun
LTE

n; = by nlLTE = by i NyAEg
NE
o) = Ve by i Nu AE fiu Hia.0) |} bu o—heppir

mec ¢ Ng A)Ap b
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Lines from Plane-parallel Stars

_ I —1Ix _ Ba(Tr) — Bi(

Curve of growth methods

Equivalent width

] I,— I
Wy — / - A d\

Schuster-Schwarzschild atmosphere

Iy =Bx(Tr) e ™ + BA(T,)(1 — e ™)

Te? N3 f
TN = O) ]\Ti — \‘I/n—C CO A)\D ]\Ti H(a’ 'U) ~ Txo H(a,, ’U)

TL) (1 o) — R,
T By (Th) (1 ) = Dimax(1 )

78



Lines from Plane-parallel Stars

Curve of growth methods

Schuster-Schwarzschild atmosphere

_L-h _ B -B(T) | _
I. By (TRr)

D ) — Dmax(l - e_T)‘)

n. = BaIR) — Bx(T1)

Wi =Dpax | (1= e )dA

line
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Lines from Plane-parallel Stars

Curve of growth methods

Schuster-Schwarzschild atmosphere

@ log W,

I.(T,) — 0
V @

Ao log T,
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Lines from Plane-parallel Stars

Curve of growth methods

Weak lines
™ < 1
exp(—7y) =~ 1 — 7y
Dy ~ Dpyax T

D) =~ Dpax T, e~ (AX/AXp)®
2 )\2
Wy ~ DmaxTa VTAN = —— 20 £ Do N
MeC C

Saturated lines
Tag > 1
Wy =~ Q) Dmax AMD
Q=2—-14
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Lines from Plane-parallel Stars

Strong lines
T > 1
H(a,v) ~ a/(yTv?) = (a/y/7) (AAp/AN)? ~ 1/AN?
a a A)\%
2= T VT2 — T AN

w2 = AN/(mag (a/ /) AND)
Dmax/ (1— e~™)d\
line
= Dy AND T)\O(a/ﬁ)/ (1 — e_l/uz) du
line

~ Dma.xA/\D\ /T)\O a
Wi~ T~ VFNi 7.

Wy
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Lines from Plane-parallel Stars

Curve of growth methods

Milne-Eddington atmosphere

m = hl)‘ /KS
B (TC) = Bo + bcTe
be

Bx(tan) = DBo+ T+ A

be 2

Fx0) = Bo+ 14+ 3

D _ FC(O) B F)\(O)
T F.(0)

(2/3) bema /(1 + 1)
BO + (2/3)bc
TIX
max 1+ ™

Dinax = (2/3)be/(Bo + (2/3)be)

= D
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Lines from Plane-parallel Stars

Curve of growth methods

Milne-Eddington atmosphere

Ny = NoH (a,v)

. '
Wy = Dy dA = Dypax AN / dv
A line A b line 1 + Th
LA (5 R
DmaxAAD line 1 + 77OH(0". "l,.-‘) |
W
7 Z o = vVrng formy<1
W
Do AND -
W

D ANn = \/7r3/2 ang fornyg > 1.
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