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3. The Robertson-Walker Metric

Now that the ground-work for solving the Einsten Curvature Tensor has been laid

out, we shall now pursue solving it for the FRW Metric:

(4.95) ds2 = −dt2 + a2(t)

[

dr2

1 − kr2
+ r2(dθ2 + sin2 θdφ2)

]

.

Re-writing the metric in matrix form:

(4.96) ds2 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

−1 0 0 0

0 a2(t)
1−kr2 0 0

0 0 r2a2(t) 0

0 0 0 r2a2(t)sin2θ

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

.

The Einstein curvature tensor once again is given by the following expression:

(4.97) Gµν = Rµν −
1

2
gµνR.

The first step in solving this tensor would be to find the Christoffel Symbols Γ; the

formula for which is once again given by:

(4.98) gαδΓ
δ
βα =

1

2

(

∂gαβ

∂xγ
+

∂gαγ

∂xβ
−

∂gβγ

∂xα

)

.

The first Christoffel Symbol we will find is Γ0
11:

g0δΓ
δ
11 =

1

2

(

∂g01

∂x1
+

∂g01

∂x1
−

∂g11

∂x0

)

(4.99)

=
1

2

(

−
2aȧ

1 − kr2

)

(4.100)

= −
aȧ

1 − kr2
.(4.101)
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aȧ

1 − kr2
.(4.101)

3. THE ROBERTSON-WALKER METRIC 35

Symbols for the FRW metric:

Γ0
11 =

aȧ

1 − kr2
(4.122)

Γ0
22 = r2aȧ(4.123)

Γ0
33 = r2aȧ sin2 θ(4.124)

Γ1
10 = Γ1

01 =
ȧ

a
(4.125)

Γ1
11 =

kr

1 − kr2
(4.126)

Γ1
22 = r(kr2 − 1)(4.127)

Γ1
33 = r(kr2 − 1) sin2 θ(4.128)

Γ2
20 = Γ2

02 =
ȧ

a
(4.129)

Γ2
21 = Γ2

12 =
1

r
(4.130)

Γ2
33 = − cos θ sin θ(4.131)

Γ3
30 = Γ3

03 =
ȧ

a
(4.132)

Γ3
31 = Γ3

13 =
1

r
(4.133)

Γ3
32 = Γ3

23 = cot θ.(4.134)

We now have all the Christoffel Symbols for the FRW metric, and we can proceed to

calculating the other components of the Einstein curvature tensor.

The next step would be obtain the coefficients of the Riemann curvature tensor.

Let us work one example of a non-zero Riemann coefficient, R1
010:

R1
010 = Γ1

00,1 + Γ1
01,0 + Γ1

β1Γ
β
00 − Γ1

β0Γ
β
01(4.135)

R1
010 = 0 +

ä

a
+ 0 + 0(4.136)

R1
010 =

ä

a
.(4.137)
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With one example shown, a list of all the non-zero Riemann Coefficients is given

below, but we must bear in mind that these are not all the coefficients. The identity

Rα
µαν = −Rα

µνα implies that there will in fact be double the amount of Riemann

coefficients displayed below.

R0
110 =

aä

kr2 − 1
(4.138)

R0
220 = −r2aä(4.139)

R0
330 = −r2aä sin2 θ(4.140)

R1
010 = −

ä

a
(4.141)

R1
221 = −r2(k + ȧ2)(4.142)

R1
331 = −r2 sin2 θ(k + ȧ2)(4.143)

R2
020 = −

ä

a
(4.144)

R2
121 =

k + ȧ2

1 − kr2
(4.145)

R2
332 = −r2 sin2 θ(k + ȧ2)(4.146)

R3
030 = −

ä

a
(4.147)

R3
131 =

k + ȧ2

1 − kr2
(4.148)

R3
232 = r2(k + ȧ2)(4.149)

With a list of all the non-zero Riemann coefficients, much of the hard work has

been done. The next step in obtaining Einstein’s curvature is to compute the Ricci

curvature tensor.

Unlike the Schwarzschild metric, the FRW metric does not have an all-zero Ricci

curvature tensor; it is a defined diagonal tensor. Let us calcuate the values of the
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four components of the diagonal Ricci tensor, R00, R11, R22 and R33:

R00 = R0
000 + R1

010 + R2
020 + R3

030(4.150)

= −
ä

a
−

ä

a
−

ä

a
(4.151)

= −
3ä

a
(4.152)

R11 = R0
101 + R1

111 + R2
121 + R3

131(4.153)

=
aä

−(kr2 − 1)
+

k + ȧ2

1 − kr2
+

k + ȧ2

1 − kr2
(4.154)

=
2k + 2ȧ2 + aä

1 − kr2
(4.155)

R22 = R0
202 + R1

212 + R2
222 + R3

232(4.156)

= r2aä + r2(k + ȧ2) + r2(k + ȧ2)(4.157)

= r2(2(k + ȧ2) + aä)(4.158)

R33 = R0
303 + R1

313 + R2
323 + R3

333(4.159)

= r2aä sin2(θ) + r2 sin2(θ)(k + ȧ2) + r2 sin2(θ)(k + ȧ2)(4.160)

= r2 sin2(θ)(2(k + ȧ2) + aä).(4.161)

The Ricci curvature tensor is thus:

(4.162) Rµν =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

−3ä
a 0 0 0

0 2k+2ȧ2+aä
1−kr2 0 0

0 0 r2 [2(k + ȧ2) + aä] 0

0 0 0 r2 sin2(θ) [2(k + ȧ2) + aä]

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

.

We are almost done finding all the components of the Einstein cuvature tensor. The

last one that remains is the curvature scalar, R.
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for a simple manifold, a perfect fluid:

(4.175) Tµν =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

ρ 0 0 0

0 p 0 0

0 0 p 0

0 0 0 p

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

[5].

Solving the right-hand side of Equation (4.174), yields following results in geometrized

units (where G = 1):

(4.176) Tµν =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

8πρ 0 0 0

0 8πp 0 0

0 0 8πp 0

0 0 0 8πp

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

.

With the right had side of Einstein’s Field Equation Solved, we equate it to Einstein’s

Curvature Tensor, yielding the following equations:

(4.177) Gt̂t̂ =
3(k + ȧ2)

a2
= 8πρ

(4.178) Gr̂r̂ = Gθ̂θ̂ = Gφ̂φ̂ = −
(k + ȧ2 + 2aä)

a2
= 8πp.

The Friedmann Equations are:

(4.179) ȧ2 −
8πρ

3
a2 = −k [5].

(4.180)
ä

a
= −

4π

3
(3p + ρ) [9].
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Einstein considera que no se pueden encontrar
soluciones exactas a sus ecuaciones de campo



➤ Einstein introduce su 
constante cosmológica para 
obtener una solución de 
Universo estático



Alexander Friedmann (1922)

Publica una serie de artículos 
proponiendo soluciones 
dinámicas para el Universo



George Lemaitre (1927)

Resuelve las ecuaciones de Einstein 
y compara con observaciones de 
galaxias que muestran un Universo 
en expansión.





¿Ley de Hubble?

Hubble
1929

Lemaitre
1927

Ley de Hubble-Lemaitre



SOLVAY 1927



1927

Sus cálculos son correctos pero su 
entendimiento de la física es 

¡abominable!



❖ por George Lemaitre
❖ Publicado en 1931 en MNRAS.
❖ Primer modelo físico del origen 

del Universo.
❖ Publicó otros dos artículos 

desde el punto de vista de la 
Mecánica Cuántica y la 
Termodinámica.

19
31

M
N

RA
S.

.9
1.

.4
90

L 

490 Abbé G. Lemaître, xci. 5, 

(2) Equations of the universe of variable radius and constant mass have been 
fully discussed, without reference to the receding velocity of nebulæ, by 

A. Friedmann, “ Über die Krümmung des Raümes,” Z.f. Phys., 10, 377, 
1922 ; see also 

A. Einstein, Z.f. Phys., 11, 326, 1922, and 10, 228, 1923. 
The universe of variable radius has been independently studied by 

R. G. Tolman, P.N.A.S., 16, 320, 1930. 
(3) Discussion of the theory, and recent developments are found in 

A. S. Eddington, M.N., 90, 668, 1930. 
W. de Sitter, Proc. Nat. Acad. Sei., 16, 474, 1930, and B.A.N., 6, No. 185, 

193, and 200 (1930). 
G. Lemaître, B.A.N., 6, No. 200, 1930. 

(4) Popular expositions have been given by 
G. Lemaître, “ La grandeur de l’espace,” Bevue des questions scientifiques, 

March 1929. 
W. de Sitter, “ The Expanding Universe,” Scientia, Jan. 1931. 

The Expanding Universe. By Abbé G. Lemaître. 

{Communicated by Sir A. S. Eddington.) 

I. Introduction. 

Eddington has suggested that the expansion of a universe in 
equilibrium may be started by the formation of condensations. A 
preliminary investigation by W. H. McCrea and G. C. McVittie seems 
to point out an effect of opposite sense according to the nature of the 
condensations.* I find that the formation of condensations and the 
degree of concentration of these condensations have no effect whatever 
on the equilibrium of the universe. Nevertheless, the expansion of the 
universe is due to an effect very closely related to the formation of 
condensations, which may be named the “ stagnation ” of the universe. 
When there is no condensation, the energy, or at least a notable part 
of it, may be able to wander freely through the universe. When 
condensations are formed this free kinetic energy has a chance to be 
captured by the condensations and then to remain bound to them. 
That is what I mean by a “ stagnation ” of the world—a diminution 
of the exchanges of energy between distant parts of it. 

In order to investigate the effect of condensations in a universe 
homogeneous in the mean, I consider a definite condensation of supposed 
spherical symmetry, and I average the outside condensations so that 
they also may be thought of as having spherical symmetry. The 
condensation under investigation is limited by a spherical shell which 
is the neutral zone between it and neighbouring condensations ; a 
point on this neutral zone is not more within the gravitational influence 
of the interior condensation than of the condensations outside. The 
expansion of the neutral zone gives a measure of the expansion of the 

* Sir A. S. Eddington, M.N., 90, 668, 1930; W. H. McCrea and G. C. McVittie, 
M.N., 91, 128, 1930; G. C. McVittie, M.N., 91, 274, 1931. 
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halo stars with the high precision needed is difficult and requires
a fine knowledge of the physics of stellar atmosphere (effective
temperature scale, population of different ionization states,
deviation from local thermodynamic equilibrium and 1D=3D
model atmospheres). There is no lack of phenomena to modify
the surface abundance of lithium: nuclear burning, rotational
induced mixing, atomic diffusion, turbulent mixing, mass loss, etc.
However, the flatness of the plateau over three decades in
metallicity and the relatively small dispersion of data represent
a real challenge to stellar modeling. In the nuclear sector, large
systematic errors on the 12 main nuclear cross-sections are
excluded [17,19]. Since the CMB results point toward the high Z
region, a peculiar attention should be paid to 7Be nucleosynthesis.
However, there is no indication that a more efficient 7Be nuclear
destruction mechanism would be at work.

6. Neutrons in BBN

Neutrons play a major role in BBN as their abundance at
freezeout determine the abundance of 4He the nþ p-Dþ g
reaction is the starting point of nucleosynthesis and its late time
abundance affects the 7Li final abundance.

Freezeout occurs when the weak rate Gn2p"T5 maintaining
equilibrium becomes slower than the expansion rate H"T2

(Eq. (7)). Changes in Gn2p or HðT $ 1010 KÞ will hence affect the
4He abundance. As the weak interaction rates are normalized
to the neutron lifetime, the 4He yield depends directly on tn.
The sensitivity of calculated abundances (Yi with i ¼ 4He;D;
3He and 7He) to change (as a constant factor) in various
parameters (x ¼ tn, H, nðp;gÞd rate) are presented in Table 2:
DYi=Yi versus Dx=x. These values were obtained by a fit of DYi=Yi

for Dx=x ¼ 710% variations as within these limits, a linear
dependence is a very good approximation. For instance, one
reads DYp=Yp ¼ 0:73Dtn=tn. One can hence deduce from Fig. 4
that the precision of the neutron lifetime measurements is
sufficient for BBN applications unless unexpected progress is
made in 4He observations. The influence on the other isotopes,

when compared to the precision of their primordial abundance
determinations, is even weaker. Table 2 also shows that, as
expected, the effect of a tn variation on 4He is almost degenerate
with a change in the rate of expansion H.

On the contrary, the influence of the nðp;gÞd rate is
unexpected. The 7Li final abundance depends strongly on the
rate of this first reaction to take place after freezeout while other
isotopes are little affected. A change by $ 30% of this rate would
be sufficient to reconcile the observed and calculated 7Li abun-
dances. Fig. 6 displays the nðp;gÞd theoretical, total cross-section,
and its M1 absolute and relative contributions compared with
experimental data points. The product (dashed line) of the

η = ηWMAP 
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Table 2
Abundance sensitivity: @logY=@logx.

Isotope tn H nðp;gÞd

4He 0.7325 0.7140 0.005

D 0.4192 1.9336 ( 0.2228
3He 0.1473 0.6837 0.088
7Li 0.3998 1.5704 1.4379

A. Coc / Nuclear Instruments and Methods in Physics Research A 611 (2009) 224–230228

Coc et al. 2009

~75% H 

~25% He 

Minúsculas 

fracciones 

de Li, Be





Silvia Torres y Manuel Peimbert



Evidencias: 

Universo en expansión 

Fondo cósmico de radiación 

Nucleosíntesis primordial



ElectrónProtón

Fotón

Átomo de H

~300,000 años después del Big Bang
Temperatura de unos 3000 grados C









 Dave Wilkinson, 
Bob Dicke, Ed 

Groth y Jim 
Peebles

Dicke, Peebles, Roll 
& Wilkinson 

(Princeton 1964)



Arno Allan Penzias y Robert Woodrow Wilson de los 
laboratorios Bell



Temperatura de 2.725 K o -270.425 C









Fluctuaciones de temperatura de menos de 0.0005 grados C





Tiempo



+ materia

~13,000 millones de años



 

 
 

 
10 (24) 

 
Figure 5. The angular size of spots in the CMB are determined by the geometry.  
 
 
The first peak, as well as all the odd peaks, are caused by baryonic matter falling into gravitational 
wells. The even-numbered peaks correspond to decompressions as radiation pushes back. The 
more  baryonic  matter,  the  deeper  the  fall  into  the  gravitational  potential,  and  the  more 
pronounced the first peak is relative to the second. The relative height between the first and the 
second peaks implies that the amount of baryonic matter is only 5% of the critical density.  
 
The higher  peaks  correspond  to more oscillations  and probe  earlier  times when  the  radiation 
played a more important role.  In particular, the third peak corresponds to a compression followed 
by a decompression, and then yet another compression of the photon-baryon fluid. Dark matter 
does not  bounce back  after  the  first  compression  because  it  is  unaffected  by  radiation.  It  can 
therefore provide a gravitational well for the baryons to fall into the second time. This means that 
dark matter enhances the third peak. Its measured amplitude suggests that 26% of the Universe 
is composed of dark matter.  
 
We can now make a simple calculation to determine the amount of dark energy. Working in units 
of the critical density, the first peak tells us that the Universe is flat and that the total sum needs 
to add up to one: 
 
                                                             ΩΛ = 1 − 0.05 − 0.26 = 0.69 
 
Hence, we find that 69% of the energy content of the Universe at present is in the form of dark 
energy, in agreement with direct measurements of how the Universe expands [55-56]. 
 
Outlook 
 
In  addition  to  its  profound  success  in  explaining  the  structure  and  evolution of  the Universe, 
precision cosmology is also a tool to discover new physics. We still do not understand the physics 
of the cosmological constant. Perhaps its value is not constant, and perhaps a time-varying dark 
energy plays an important role in the evolution of the Universe. Peebles has already contemplated 
such  a  possibility  [64].  The  nature  of  dark matter  is  also  not  known.  Favourite  explanations 
include new particles, such as supersymmetric partners of the known ones or axions, which are 
hypothetical  particles  that  could  explain  an  important  observation  about  the  strong  nuclear 
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